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The effect of the interface stresses is studied upon the size-dependent elastic deformation of an elastic
half-plane having a cylindrical inclusion with distinct elastic properties. The elastic half-plane is sub-
jected to either a uniaxial loading at inﬁnity or a uniform non-shear eigenstrain in the inclusion. The
straight edge of the half-plane is either traction-free, or rigid-slip, or motionless, which represents three
practical situations of mechanical structures. Using two-dimensional Papkovich–Neuber potentials and
the theory of surface/interface elasticity, the elastic ﬁeld in the elastic half-plane is obtained. Comparable
with classical result, the new formulation renders the signiﬁcant effect of the interface stresses on the
stress distribution in the half-plane when the radius of the inclusion is reduced to the nanometer scale.
Numerical results show that the intensity of the inﬂuence depends on the surface/interface moduli, the
stiffness ratio of the inclusion to the surrounding material, the boundary condition on the edge of the
half-plane and the proximity of the inclusion to the edge.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Advances in the microfabrication and nanofabrication tech-
niques have made it possible to manufacture heterogeneous mate-
rials containing nanoscale objects, such as quantum dots, quantum
wires, carbon nanotubes, and nanorods, to improve electric and
mechanical behaviors of advanced materials. In practice, these het-
erogeneous materials can experience mechanical deformation
when subjected to electromechanical loading, which may affect
the performance and reliability of the mechanical structures con-
taining nanoscale objects. Due to large ratio of surface area to vol-
ume in nanoscale objects, the behavior of surfaces and interfaces
likely becomes a prominent factor in controlling mechanical
behavior of nano-heterogeneous materials on the nanoscale. The
effect of the mechanical behavior of surfaces and interfaces must
be considered in analyzing the deformation behavior of heteroge-
neous materials containing nanoscale objects.
Finding localized stress disturbances for the problems in which
an inclusion with an eigenstrain is embedded in a half-plane (ma-
trix) has been discussed by Mindlin and Cheng (1950), Seo and
Mura (1976), Al-Ostaz et al. (1998), Tsuchida et al. (2000), in which
the interface between the inclusion and the surrounding matrix
was assumed to be either perfectly bonded or slip without friction.ll rights reserved.
859 323 1929.Additionally, the problems in which a half-plane having an inclu-
sion (with or without an eigenstrain) is subjected to a remote uni-
form loading have been studied (e.g. Lee et al., 1992; Jasiuk et al.,
1997). The technique of the displacement potentials, speciﬁcally
the Papkovich–Neuber’s potentials, has provided a powerful meth-
od for analyzing the stress distribution in two- and three-dimen-
sional elastic materials containing inclusions of simple shapes
(see, for example, Barber, 2002).
In the abovementioned papers, the solutions are valid only for
solids of large characteristic dimensions, when the ratio of the
interface area to the volume of the inclusion is small and the con-
tribution of the interface stresses is negligible. On the other hand,
for nano-scaled materials, with the appreciable ratio of the inter-
face area to volume, the effect of the interface/surface stresses
needs to be taken into account in the stress analysis (Chen et al.,
2006). To accommodate this effect in the theory of linear elasticity,
a generic and mathematical expression has been presented by
Gurtin and Murdoch (1975) and Gurtin et al. (1998), in which a
surface/interface is modeled as a negligibly thin layer adhering to
the abutting bulk material. A linearized surface stress-strain con-
stitutive relationship is developed for the interface, whose material
constants are distinctive from those of the corresponding bulk
materials. Also, the equilibrium equations on the surface/interface
yield to non-classical boundary conditions.
Recently, the theory of the surface/interface elasticity has been
used to analyze the size-dependent elastic deformation for many
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under inﬁnite tension (Wang and Wang, 2006), a spherical nano-
cavity under a unidirectional remote tension (He and Li, 2006), a
spherical nanoinclusion under a nonshear eigenstrain (Lim et al.,
2006), a cylindrical nanoinclusion under either a 2D dilatational
eigenstrain or far-ﬁeld loading (Tian and Rajapakse, 2007), or to
determine the effective moduli of elastic solids with nanocavities
(Yang, 2004) and nanoinclusions (Yang, 2006). Sharma and
Wheeler (2007) considered the effect of interface stresses/tension
and gave an approximate solution for the relaxed elastic state of
embedded ellipsoidal nanoinclusions, which may be used to eval-
uate the deformation of embedded quantum dots. Mi and Kouris
(2006) used the harmonic Papkovitch–Neuber displacement
potentials to analyze the axisymmetric problem of an elastic
half-space containing a spherical nanoparticle; and they showed
that the effect of the interface stresses is a function of the interface
properties, the particle size, the rigidity of the particle and the
nearness of the particle to the surface of the half-space. Mogilevs-
kaya et al. (2008) and Jammes et al. (2009), respectively, presented
a semi-analytical method for studying the interactions between
multiple, circular nanoinclusions and/or nanopores dispersed in
an inﬁnite medium or in one of two joined, dissimilar half-spaces.
Also, Jammes et al. (2009) used the complete Gurtin-Murdoch’s
constitutive relation and complex variables boundary element
method to analyze the problem of an elastic half-plane with a
nano-cavity. However, there is no analytical solution for the stress
distribution in an elastic half-plane (with or without an applied
stress ﬁeld), in which there is an embedded nanosized circular
inclusion experiencing a uniform misﬁt strain (eigenstrain).
In this work, the elastic deformation of an elastic half-plane
containing an elastic circular inclusion is studied within the frame-
work of linear elasticity. The elastic half-plane is subjected to
either a uniform far-ﬁeld tensile loading or a non-shear eigenstrain
in the elastic circular inclusion. The method of two-dimensional
Papkovich–Neuber potentials (Al-Ostaz et al., 1998) is used, and
the effect of the interface stresses is introduced through a set of
interface equilibrium conditions, known as the generalized
Young-Laplace equations. The boundary conditions (BCs) both on
the straight edge of the half-plane and the circular interface of
the inclusion are satisﬁed using the transformation between the
Cartesian and cylindrical harmonics. The effects of the surface/
interface properties, the size of the inclusion, its proximity to the
edge of the half-plane, and the effects of the BCs on the hoop stress
and the displacement are discussed. The problem can be regarded
as a situation in a ply in laminated nanocomposites or in a sub-
strate, beneath whose edge a quantum wire is embedded.
2. Problem description
Consider an elastic half-plane occupying xP d, which con-
tains a circular inclusion (with symmetry-axis of z, radius of a,
and center at x ¼ y ¼ 0Þ. For convenience, a polar coordinate sys-
tem of ðr; hÞ centered on the inclusion is used, as shown in Fig. 1.
Stress likely arises when the inclusion is prescribed by a non-shearFig. 1. An elastic cylindrical inclusion embedded in an elastic half-plane.eigenstrain of e ¼ exxe1  e1 þ eyye2  e2 þ ezze3  e3 where e1; e2
and e3 are, respectively, the base vectors along the x, y and z direc-
tions, or when the half-plane is subjected to a uniform far-ﬁeld
loading of r0yy in y-direction. The material properties and the ﬁeld
variables in the inclusion and matrix are denoted by superscripts of
(1) and (2), respectively; and the corresponding quantities in the
interface between the inclusion and the matrix are identiﬁed by
a superscript of s. The theory of linear elasticity is used in the anal-
ysis, and both the half-plane (matrix) and the inclusion are isotro-
pic with distinct elastic constants.3. Problem formulation
Considering a coherent interface between the inclusion and the
matrix, the interface model developed by Gurtin and Murdoch
(1975) is used. In this model, the interface stress tensor, rs, origi-
nated from the interface free energy and the interface tension of
s0 are used to describe the stress state of the interface. The differ-
ences in atomic conﬁguration and in coordination numbers be-
tween atoms at the interface and in the bulk material is known
as the major reason for the development of the interface stresses.
As pointed out recently by Mogilevskaya et al. (2008), the sim-
pliﬁed model of surface elasticity, which ignores the contribution
of the surface gradient of the surface-displacement vector, is likely
incapable of revealing the detailed features of the mechanical
interaction among nano-inclusions. Thus, the complete form of
the interface stress tensor is adopted by following the approach gi-
ven by He and Li (2006), Lim et al. (2006), Mi and Kouris (2006),
Mogilevskaya et al. (2008), Jammes et al. (2009). Assuming the
interface to be isotropic and linearly elastic, the constitutive law
of the interface in a ﬁxed, Eulerian frame of reference can be writ-
ten as
rs ¼ ½ðks þ s0ÞðtresÞ þ s0IR þ 2ðls  s0Þes þ fs0rRu ð1Þ
where es is the 2 2 strain tensor for the interface, IR represents the
unit tensor on the interface, and ks and ls are the Lamé constants of
the interface which have the dimension of N/m. The last term in Eq.
(1) (in which rR is the surface gradient operator, u is the displace-
ment vector and f is a constant) is often excluded in published stud-
ies (Sharma et al., 2003; Sharma and Ganti, 2004; Tian and
Rajapakse, 2007), and f is a constant taking the value of either 1
or 0. The importance of this term will be numerically examined
by using the value of either 1 or 0 for f. Using the generalized
Young–Laplace equations for solids at the interface (Chen et al.,
2006), the mechanical equilibrium of the interface between the
inclusion and the matrix can be written as
rR  rs ¼ ðrð1Þ  rð2ÞÞjr¼a  n ð2Þ
where n is the unit vector normal to the interface. For a coherent
interface, the normal and tangential displacement components are
assumed to be continuous across the interface, i.e.
uð1Þjr¼a ¼ uð2Þjr¼a ð3Þ
For the circular interface between the inclusion and the matrix,
the surface stress–strain relationship in the plane–cylindrical coor-
dinate system can be expressed as
rs ¼ s0xsrher  eh þ rshheh  eh þ rszzez  ez ð4Þ
where rshh ¼ ½ks þ 2ls þ ðf 1Þs0eshh þ ðks þ s0Þeszz þ s0. For the
plane strain state there is rszz ¼ ½ks þ ðfþ 1Þs0eshh þ s0; and for the
plane stress state rszz ¼ 0. The geometric relations for the strain
and rotation components of eshh and xsrh read
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For the strain component of eszz, there are eszz ¼ eð1Þzz ¼ eð2Þzz ¼ 0 for the
plane strain state and eð1Þzz ¼ ezz  mð1Þ½eð1Þrr þ eð1Þhh  ðexx þ eyyÞ=ð1 mð1ÞÞ
and eð2Þzz ¼ mð2Þðeð2Þrr þ eð2Þhh Þ=ð1 mð2ÞÞ at the interface for the plane
stress state. Therefore, for the plane stress state, the average form
is used to obtain eszz ¼ 0:5ðeð1Þzz þ eð2Þzz Þjr¼a (Tian and Rajapakse,
2007). The equilibrium equations of the material interface of Eq.
(2) can be written as
rð2Þrr jr¼a  rð1Þrr jr¼a ¼
1
a
rshh  fs0
@xsrh
@h
 
and
rð2Þrh jr¼a  rð1Þrh jr¼a ¼ 
1
a
@rshh
@h
þ fs0xsrh
 
ð6Þ
Here, only two types of problems are considered for the dis-
placement and stress ﬁelds; (1) a uniaxial stress of r0yy is applied
to the material at inﬁnity and (2) a uniform non-shear eigenstrain
of e is created within the inclusion. For the uniaxial loading at
inﬁnity, the following stress state must be satisﬁed
rð2Þxx jy!1 ¼ rð2Þxy jy!1 ¼ 0; rð2Þyy jy!1 ¼ r0yy ð7Þ
For the non-shear eigenstrain of e in the inclusion, the continuity of
the displacements at the interface, i.e. Eq. (3), becomes
uð2Þr jr¼a ¼ ucð1Þr jr¼a þ uð1Þr jr¼a; uð2Þh jr¼a ¼ ucð1Þh jr¼a þ uð1Þh ð8Þ
where the superscript c denotes the constrained components of the
displacement ﬁeld inside the inclusion while the last terms stand
for the unconstrained deformation due to the eigenstrain.
The following three types of BCs on the edge of the elastic half-
plane ðx ¼ dÞ are used;
(I) Traction-free condition:
rð2Þxx jx¼d ¼ rð2Þxy jx¼d ¼ 0 ð9Þ
(II) Rigid-slip condition. In this case, the normal component of
the displacement vector and the shear stress are assumed
to be zero on the edge, i.e.
uð2Þx jx¼d ¼ 0; and rð2Þxy jx¼d ¼ 0 ð10Þ
(III) Motionless condition. In this case, both the normal and tan-
gential components of the displacement vector are assumed
to be zero on the edge, i.e.
uð2Þx jx¼d ¼ uð2Þy jx¼d ¼ 0 ð11Þ4. Method of solution
First, introduce two-dimensional Papkovich–Neuber’s harmonic
displacement potentials of /0;/1 and /2, which form a general
solution of the Navier’s equation. Using the displacement poten-
tials, the components of the displacement ﬁeld in a Cartesian coor-
dinate system can be expressed as (Al-Ostaz et al., 1998)
2l
ux
uy
 
¼ rð/0 þ x/1 þ y/2Þ  ðjþ 1Þ
/1
/2
 
ð12Þ
where l is the shear modulus of the material, $ is the gradient
operator in two dimensions of ðx; yÞ, and j is Kolosov’s constant
(j ¼ 3 4m for plane strain problems, and j ¼ ð3 mÞ=ð1þ mÞ for
plane stress problems). The displacement potentials of /0;/1 and
/2 satisfy the Laplace equation, i.e., r2/0 ¼ r2/1 ¼ r2/2 ¼ 0.
The corresponding stress components then can be obtained
from the strain–displacement and stress–strain relations asrxx
ryy
rxy
0
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To satisfy the BCs given in Section 4, it only needs to use the dis-
placement potentials of /0 and /1. Considering the boundary condi-
tions on the edge of x ¼ d and the circular interface of r ¼ a, the
displacement potentials are constructed by introducing the follow-
ing sets of harmonic functions for the disturbed ﬁelds due to the
inclusion in the matrix as
/I0 ¼ Að2Þ0 log r þ
X1
m¼1
Að2Þm
cosmh
rm
; /I1 ¼
X1
m¼0
Bð2Þm
cosmh
rm
ð14Þ
/II0 ¼
Z 1
0
w1ðk;dÞekx cos kydk
/II1 ¼
Z 1
0
kw2ðk;dÞekx cos kydk ð15Þ
where Að2Þm ;B
ð2Þ
m ðm ¼ 0;1; . . .Þ are constants, and w1ðk; dÞ and w2ðk; dÞ
are functions to be determined by the boundary conditions. It needs
to point out that the stresses derived from the above displacement
potentials vanish at inﬁnity. When a uniaxial stress of r0yy is applied
to the material at inﬁnity, the undisturbed displacement and stress
ﬁelds without the presence of the inclusion can be obtained from
the following displacement potentials
/00 ¼
1
8
r0yyðjð2Þ þ 1Þðy2  x2Þ; /01 ¼ 
1
2
r0yyx ð16Þ
The displacement potentials in the matrix thus can be expressed as
/ð2Þ0 ¼ /00 þ /I0 þ /II0 and /ð2Þ1 ¼ /01 þ /I1 þ /II1 : ð17Þ
The following displacement potentials are chosen for the inclusion
u0 ¼
X1
n¼0
Að1Þn r
n cosnh; u1 ¼
X1
n¼0
Bð1Þn r
n cosnh ð18Þ
where Að1Þn and B
ð1Þ
n ðn ¼ 0;1; . . .Þ are constants to be determined.
When the inclusion is subjected to an eigenstrain of e, the displace-
ment ﬁeld inside the inclusion, which is not constrained by the ma-
trix (the last terms in Eq. (8)), can be obtained from the following
displacement potentials
u0 ¼ lð1Þðeyy þ gezzÞðy2  x2Þ; u1 ¼ 2lð1Þ
ðexx þ eyy þ 2gezzÞx
jð2Þ  1
ð19Þ
where g ¼ mð1Þ for the plane strain state and g ¼ 0 for the plane
stress state. Therefore, the displacement potentials in the inclusion
can be obtained as /ð1Þ0 ¼ u0 þu0 and /ð1Þ1 ¼ u1 þu1.
The displacement potentials given in Eqs. (14) and (15) are re-
ferred to the plane-cylindrical and Cartesian coordinate systems,
respectively. These functions must be transformed into the same
coordinate system to satisfy the BCs both on the edge of the half-
plane and on the interface between the matrix and the inclusion.
Using the following relations for x < 0
1
rm
cosmh
sinmh
 
¼ 11
 
Cm0
Z 1
0
km1ekx
cos ky
sin ky
 
dk ð20Þ
and the BCs on the edge, i.e. Eqs. (9)–(11), the potential functions
are rewritten in the Cartesian coordinate system as
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þ
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Cm0 A
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m
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/I1 ¼
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m¼0
Cm0 B
ð2Þ
m
Z 1
0
km1ekx cos kydk ð21bÞ
Here, Cmn ¼ ð1Þnþm=½ðm 1Þ!n!.
Substitution of the displacement potentials of (15) and (21) into
Eq. (12) gives the disturbed displacement components in the ma-
trix in the Cartesian coordinate system as
2lð2Þuð2Þx ¼
Z 1
0
Að2Þ0 þ
X1
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Cm0 A
ð2Þ
m k
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m k
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m k
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sinkydk ð22bÞ
The corresponding components of the stress tensor are
rð2Þxx ¼
Z 1
0
k2 Að2Þ0 k
1þ
X1
m¼1
Að2Þm C
m
0 k
m1þ kxj
ð2Þ þ1
2
 X1
m¼0
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m k
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2
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Z 1
0
k2 A0k
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Cm0 Amk
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2
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Using the ﬁeld components of (22) and (23), one can satisfy the BCs
of (9)–(11) on the edge of x ¼ d.
Case I. For a traction-free edge of (9), the unknown functions of
w1ðk; dÞ and w2ðk; dÞ can be obtained by letting the stress compo-
nents in (23a) and (23b) be zero at x ¼ d. This gives
w1ðk;dÞ¼
e2kd
2k
2ð2kdjð2ÞÞ Að2Þ0 þ
X1
m¼1
Cm0 A
ð2Þ
m k
m
" #(

X1
m¼0
Cm0 B
ð2Þ
m k
m1½4d2k2ðkð2ÞÞ2þ1
)
ð24aÞ
w2ðk;dÞ¼
e2kd
k
2Að2Þ0 þ2
X1
m¼1
Cm0 A
ð2Þ
m k
mð2kdþjð2ÞÞ
X1
m¼1
Cm0 B
ð2Þ
m k
m1
" #
ð24bÞ
Case II. For a rigid-slip edge of (10), the unknown functions of
w1ðk;dÞ and w2ðk; dÞ can be obtained by letting the displacement
component in (22a) and the stress component (23b) be zero at
x ¼ d. This leads to
w1ðk;dÞ ¼ 
e2kd
jð2Þk
ðjð2Þ  2kdÞ Að2Þ0 þ
X1
m¼1
Cm0 A
ð2Þ
m k
m
" #(
þ2
X1
m¼0
Cm0 B
ð2Þ
m d
2kmþ1
)
ð25aÞ
w2ðk;dÞ ¼
e2kd
jð2Þk
2Að2Þ0 þ 2
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Cm0 A
ð2Þ
m k
m
"
ð2kdþ jð2ÞÞ
X1
m¼0
Cm0 B
ð2Þ
m k
m1
#
ð25bÞ
Case III. For a motionless edge of (11), the unknown functions of
w1ðk;dÞ and w2ðk;dÞ are obtained from Eqs. (22a) and (22b) asw1ðk; dÞ ¼
e2kd
k
Að2Þ0 þ
X1
m¼1
Cm0 A
ð2Þ
m k
m  2
X1
m¼0
Cm0 B
ð2Þ
m dk
m
" #
ð26aÞ
w2ðk; dÞ ¼ e2kd
X1
m¼0
Cm0 B
ð2Þ
m k
m2 ð26bÞ
To satisfy the BCs of (3) and (6) at the interface, it is convenient
to express the displacement and stress ﬁelds in the matrix in the
plane-cylindrical coordinate system. Following the approach given
by Al-Ostaz et al. (1998) and using the Fourier expansion
ekx cos ky ¼ P1n¼0C1nðkrÞn cosnh and the expressions of w1ðk; dÞ
and w2ðk; dÞ in Eqs. (24)–(26), one can express the displacement
potentials in Eq. (15) in the plane-cylindrical coordinate system as
/II0 ¼
X1
n¼1
anrn cosnh; /II1 ¼
X1
n¼0
bnr
n cosnh ð27Þ
where
an ¼ C1n
Z 1
0
w1ðk; dÞkndk ¼ an1Að2Þ0 þ
X1
m¼1
amn2A
ð2Þ
m þ
X1
m¼0
amn3B
ð2Þ
m ;
ð28Þ
bn ¼ C1n
Z 1
0
w2ðk; dÞknþ1dk ¼ bn1Að2Þ0 þ
X1
m¼1
bmn2A
ð2Þ
m þ
X1
m¼0
bmn3B
ð2Þ
m
ð29Þ
The parameters of an1;amn2;amn3;bn1; b
m
n2, and b
m
n3 are deﬁned as
an1 ¼ C1n
Z 1
0
ð2kd jð2ÞÞkn1e2kddk;
amn2 ¼ Cmn
Z 1
0
ðjð2Þ  2kdÞkmþn1e2kd dk
amn3 ¼ 0:5Cmn
Z 1
0
½4k2d2  ðjð2ÞÞ2 þ 1kmþn2e2kd dk ð30aÞ
bn1 ¼ 2C1n
Z 1
0
kne2kd dk; bmn2 ¼ 2Cmn
Z 1
0
kmþne2kd dk;
bmn3 ¼ Cmn
Z 1
0
ð2kdþ jð2ÞÞkmþn1e2kd dk ð30bÞ
For the traction-free condition, case I, Eq. (30) can be simpliﬁed as
an1 ¼ ð2dc0n þ jð2Þc0n1=nÞ; amn2 ¼ ð2mdcmn þ jð2Þcm1n Þ;
amn3 ¼ 2d2mcmn þ 0:5½1 ðjð2ÞÞ2cm1n1 =n
bn1 ¼ 2c0n; bmn2 ¼ 2mcmn ; bmn3 ¼ 2mdcmn  jð2Þcm1n ð31Þ
For the rigid-slip condition, case II, there are
an1 ¼ c0n1=n; amn2 ¼ cm1n ; amn3 ¼ 2dcm1n
bn1 ¼ bmn2 ¼ 0; bmn3 ¼ cm1n ð32Þ
For the motionless condition, case III, there are
an1 ¼ 2dc0n=jð2Þ þ c0n1=n; amn2 ¼ 2dmcmn =jð2Þ þ cm1n ;
amn3 ¼ 2d2mcmn =jð2Þ
bn1 ¼ 2c0n=jð2Þ; bmn2 ¼ 2mcmn =jð2Þ;
bmn3 ¼ 2mdcmn =jð2Þ þ cm1n ð33Þ
Here,
cmn ¼ Cmþ1n
Z 1
0
kmþne2kddk ¼ Cmþ1n
ðmþ nÞ!
ð2dÞmþnþ1
ð34Þ
Expressing Eqs. (12) and (13) in the plane-cylindrical coordinate
system, one can derive the displacement and stresses ﬁelds in the
matrix and in the inclusion in terms of the displacement potentials
of (14), (18), (27) and (16) for the uniaxial loading and (19) for the
non-shear eigenstrain problem. With these ﬁelds, the equilibrium
conditions on the interface between the matrix and the inclusion
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and tangential directions gives
X1
n¼0
ðcð2Þ1 Að2Þn þ cð2Þ2 Bð2Þn1 þ cð2Þ3 Bð2Þnþ1 þ cð2Þ4 an þ cð2Þ5 bn1
þ cð2Þ6 bnþ1  cð1Þ4 Að1Þn  cð1Þ5 Bð1Þn1  cð1Þ6 Bð1Þnþ1Þ cosnh
¼ A0=a2 þ s2  0:25r0yy
 ½2 s1ðjð2Þ  1Þ  2ð1þ s1  2s3Þ cos 2h; ð35aÞ
X1
n¼1
½dð2Þ1 Að2Þn þ dð2Þ2 Bð2Þn1 þ dð2Þ3 Bð2Þnþ1 þ dð2Þ4 an þ dð2Þ5 bn1
þ dð2Þ6 bnþ1  dð1Þ4 Að1Þn  dð1Þ5 Bð1Þn1  dð1Þ6 Bð1Þnþ1 sinnh
¼ 0:5r0yyð1 2s1 þ s3Þ sin 2h ð35bÞ
where s1 ¼ ½ks þ 2ls þ ðf 1Þs0=2lð2Þa; s2 ¼ s0=a, and s3 ¼
fs2=2lð2Þ. The constants of cð2Þi and d
ð2Þ
i ði ¼ 1;2; . . . ;6Þ are given in
Appendix A.
The continuity condition of the normal and tangential compo-
nents of the displacement ﬁeld at r ¼ a becomes
X1
n¼0
½eð2Þ1 An þ eð2Þ2 Bn1 þ eð2Þ3 Bnþ1 þ eð2Þ4 an þ eð2Þ5 bn1 þ eð2Þ6 bnþ1
 ðeð1Þ4 Að1Þn þ eð1Þ5 Bð1Þn1 þ eð1Þ6 Bð1Þnþ1Þ=C cosnh
¼ A0=aþ 0:25r0yya½ð1 jð2ÞÞ þ 2 cos 2h þ lð2Þa
 ½2gezz þ ðexx þ eyyÞ þ ðexx  eyyÞ cos 2h; ð36aÞ
X1
n¼1
½f ð2Þ1 Að2Þn þ f ð2Þ2 Bð2Þn1 þ f ð2Þ3 Bð2Þnþ1 þ f ð2Þ4 an þ f ð2Þ5 bn1 þ f ð2Þ6 bnþ1
 ðf ð1Þ4 Að1Þn þ f ð1Þ5 Bð1Þn1 þ f ð1Þ6 Bð1Þnþ1Þ=C sinnh
¼ 0:5ar0yy sin 2hþ lð2Þaðeyy  exxÞ sin 2h ð36bÞ
where C ¼ lð1Þ=lð2Þ. The constants of eð2Þi and f ð2Þi (i=1, 2, . . . ,6) are
given in Appendix A. Note that all terms denoted by superscript
(1) in Eqs. (35) and (36) can be obtained from the correspondingFig. 2. Variation of the dimensionless hoop stress of R ¼ rð2Þhh =2lð2Þ at point P with the
eigenstrain of exx ¼ eyy ¼ ezz ¼ 1. The solid curves correspond to the interface A, the dasterms with the superscript (2) by replacing jð2Þ with jð1Þ and setting
s1 ¼ 0.
Equating the coefﬁcients of cosðnhÞ and sinðnhÞ in the left and
right sides of Eqs. (35) and (36), one obtains the simultaneous lin-
ear equations of inﬁnite order for the unknown constants of
Að1Þn ;B
ð1Þ
n ;A
ð2Þ
n and B
ð2Þ
n . A determined system of linear equations is
obtained by requiring that these constants approach zero as n ap-
proaches inﬁnity; which is a necessary condition for the conver-
gence of the series of (14), (18) and (27) at the boundary of
r ¼ a. The inﬁnite system of the algebraic equations can be trun-
cated at n ¼ N (here, N ¼ 30) to obtain numerical results of the un-
known constants. Then, all the disturbed displacements and
stresses can be calculated for the matrix and the inclusion.
The displacements and the stresses for the rigid-body motion in
the matrix and in the inclusion are obtained from the terms of
Bð2Þ0 ;a1; b0;A
ð1Þ
1 , and B
ð1Þ
0 , respectively. For the traction-free condition
on the edge of the half-plane, no rigid body motion is assumed in
the matrix ðBð2Þ0 ¼ a1 ¼ b0 ¼ 0Þ. For the rigid-slip and motionless
conditions, only the constant of a1 is chosen to be nonzero, because
Bð2Þ0 and b0 play the same role in the rigid-body motion. For all the
three cases of the BCs on the edge, Að1Þ1 itself is enough to represent
the rigid body motion of the inclusion in the x-direction. Following
the suggestion given by Al-Ostaz et al. (1998), we let Bð1Þ0 ¼ 0.
It is worth pointing out that the superposition principle relating
to applied load (or eigenstrains) may become inapplicable for
problems involving surface tension. One needs to obtain general
solutions and determine the unknown functions/constants from
the BCs.5. Numerical results
In the numerical illustrations presented below, the plane strain
state is used. The discussions are concerned with two application
areas: (I) the case of an inclusion subjected to a uniform non-shear
eigenstrain, as shown in Figs. 2–4, and (II) the nanocavity case un-
der a uniform remote tension, as shown in Figs. 6 and 7. Numerical
simulation is performed for various sizes of the inclusion ranginginclusion size ðd=a ¼ 2Þ under the condition of the inclusion being subjected to an
hed curves to the interface B, and the dotted curves to the classic solution.
Fig. 3. Variation of the dimensionless vertical displacement along the x-axis with the distance parameter of n ¼ ðxþ aÞ=ðd aÞ under the condition of a traction-free edge
and the inclusion being subjected to an eigenstrain of exx ¼ eyy ¼ ezz ¼ 1. The solid curves correspond to the interface A, the dashed curves to the interface B, and the dotted
curves to the classic solution.
Fig. 4. Variation of the dimensionless hoop stress of R ¼ rð2Þhh =2lð2Þe at point P with the shear moduli ratio ðd=a ¼ 2Þ under the condition of the inclusion being subjected to
an eigenstrain of exx ¼ eyy ¼ ezz ¼ e . The solid curves correspond to the interface C, the dashed curves to the interface D, and the dotted curves to the classic solution.
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having different positions of the inclusion relative to the edge of
x ¼ d, for three types of BCs on the edge of the half-plane, and
for four different surfaces/interface properties. Note that the value
of f ¼ 0 is used in all calculations for a nonzero value of s0 except
some results shown in Figs. 3 and 5.5.1. Half-plane with an inclusion
Firstly, consider the widely studied InAs/GaAs quantum wire
system (Pan et al., 2005) in which a circular inclusion (quantum
wire) made of InAs is embedded into a half-plane (substrate) made
of GaAs. The bulk elastic constants of the materials are,
Fig. 5. Variation of the stress of rð2Þhh at point P with the cavity size a when d ¼ ðaþ 10Þ nm under an action of a far-ﬁeld tension of r0yy ¼ 0:1 GPa. The solid curve corresponds
to the surface condition of C, and the dashed curve to the surface condition of D.
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interfacial properties, two typical values are used;
s1 ¼ 10N=m(denoted by interface A) and s1 ¼ 5 N=m (denoted
by interface B) (Lim et al., 2006; Tian and Rajapakse, 2007). The va-
lue of the interface tension is assumed as s0 ¼ 1:17 N=m (Yang,
2004) for Figs. 2 and 3 and s0 ¼ 0 for the other ﬁgures. For the pur-
pose of comparison, the term ‘‘classic solution” is used to denote
the classical solution for the perfect bonding ðks ¼ ls ¼ s0 ¼ 0Þ at
the interface.
Fig. 2 shows the variation of the dimensionless hoop stress of
R ¼ rð2Þhh =2lð2Þ at the point of P in the matrix as shown in Fig. 1
for all three types of BCs on the edge of x ¼ d and the InAs inclu-
sion experiencing an eigenstrain ðexx ¼ eyy ¼ ezz ¼ 1Þ for d=a ¼ 2.
The interface has a noticeable effect on the hoop stress of R, when
the radius of the inclusion, a, is in the order of nanometer
ða 6 10 nmÞ. This effect becomes negligible when the radius of
the inclusion is larger than 20 nm. However, the effect of the inter-
face stress becomes considerable when the value of the quantity of
2lð2Þs1ð¼ ðks þ 2lsÞ=aÞ or s2ð¼ s0=aÞ is comparable with that of lð2Þ.
The hoop stress of R increases with the decrease in the size of the
inclusion for the interface A; and this trend reverses. The hoop
stress of R decreases with the decrease in the size of the inclusion
for the interface B. In fact, it is observed that negative value of s1
(the interface A) leads to the increase of the hoop stress, whereas
positive value of s1 leads to a less reduction (because
js1jInterf :A > js1jInterf :B) in the hoop stress relatively to the condition
of s1 ¼ s2 ¼ 0. A surface softening (surface-compression) effect oc-
curs when s1 > 0, while a surface strengthening (surface-tension)
effect prevails when s1 < 0. Similar conclusion can be obtained
for the hoop stress for an elastic half-plane containing a nanocav-
ity, as will be shown in Fig. 7. As it is seen, the interface stresses
have the highest effect on the stress state of an elastic half-plane
containing an inclusion when the edge of the elastic half-plane
experiences a rigid-slip constraint.
The variation of uð2Þx =a along the x-axis with the dimensionless
distance parameter of n over the region between the inclusion
and half-plane edge ð0 6 n ¼ ðxþ aÞ=ðd aÞ 6 1Þ is depicted in
Fig. 3 for a ¼ 1 nm and two values of d=a ¼ 1:25 and 2.5. The inclu-sion is subjected to an eigenstrain ðexx ¼ eyy ¼ ezz ¼ 1Þ, and the
traction-free condition is used. To examine the signiﬁcance of the
last term in Eq. (1), the numerical results are plotted for the cases
f ¼ 0 and f ¼ 1. The interface stresses have the largest effect on the
displacement of uð2Þx in the region of 0 6 n 6 1 when the inclusion
approaches the edge of the half-plane due to strong interaction be-
tween the edge and the inclusion. The effect of the term of s0rRu
as given in Eq. (1) through the constant of f becomes obvious when
the inclusion is close to the edge. This observation is in agreement
with that given by Mogilevskaya et al. (2008) who suggested that it
is necessary to consider the contribution of the term of s0rRu in
order to capture the detailed features of the interaction among
the circular nano-inhomogeneities embedded in an unbounded
matrix. In fact, the edge of the half-plane in the present problem
can be viewed as a boundary segment of a circular hole with a very
large radius placed in the proximity of a nanoinclusion. As shown
in Fig. 3, the contribution of the term of s0rRu becomes negligible
for large distance between the edge and the nanoinclusion.
The next numerical study focuses on a half-plane solid (which
may represent a ply in laminated nanocomposites) in which the
matrix is made of aluminum with two different sets of the sur-
face/interface properties depending upon crystallographic orienta-
tions of the aluminum. These properties were calculated for the free
surface of aluminum byMiller and Shenoy (2000) using the embed-
ded atommethod (EAM), and recently were present in many publi-
cations (Sharma and Ganti, 2004; Jammes et al., 2009). The related
properties of the surface are: (I) k3 ¼ 3:48912 N/m, and
ls ¼ 6:2178 N=m, for [100] crystallographic direction, denoted
by surface/interface C, and (II) k3 ¼ 6:842 N=m, and
ls ¼ 0:3755 N=m, for [111] crystallographic direction, denoted
by surface/interface D. The material properties of aluminum as
the matrix are lð2Þ ¼ 34:7 GPa and mð2Þ ¼ 0:3 [Jammes et al.,
2009]; and the Poisson’s ratio of the inclusion is taken as
mð1Þ ¼ 0:3. Here, the surface/interface tension is assumed as s0 ¼ 0.
Fig. 4 shows the variation of the hoop stress of
R=e ¼ rð2Þhh =2lð2Þe at the point P with the shear moduli ratio of
lð1Þ=lð2Þ for two BCs on the x ¼ d (rigid-slip and motionless con-
ditions) and d=a ¼ 2 when the inclusion is subjected to an eigen-
Fig. 6. Variation of the dimensionless hoop stress at point P with the cavity size under the action of a far-ﬁeld tension of r0yy . The solid curves correspond to the surface C, the
dashed curves to the surface D, and the dotted curves to the classic solution.
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of the interface stresses occurs when the shear modulus of the
inclusion is less than that of the matrix. The effect of the interface
stress on the equilibrium conditions at the interface becomes less
important with increasing the ratio of the shear moduli and the re-
sults approach the classic solution, especially for inclusions of large
size ða ¼ 5 nmÞ. The classical solution, as represented by the dotted
line in Fig. 4, is in good accord with those obtained by Al-Ostaz
et al. (1998).Fig. 7. Variation of the dimensionless displacement U ¼ 2lð2Þuð2Þx =r0yya on the half-plan
tension of r0yy . The solid curves correspond to the surface C, the dashed curves to the su5.2. Half-plane with a cavity
For the purpose of validation of the approach used in this work,
numerical calculation was performed on a half-plane with a nano-
cavity which was subjected to a far-ﬁeld tension. In the calculation,
the parameters of r0yy ¼ 0:1 GPa; d ¼ aþ 10 nm;s0 ¼ 1:17 N=m,
and f ¼ 1 were used. The hoop stress of rð2Þhh was calculated at
the point of x ¼ a on the cavity in an aluminum half-plane for
the surface conditions of C and D. The numerical results are showne edge with the distance parameter of y=aðd=a ¼ 3Þ under the action of a far-ﬁeld
rface D, and the dotted curves to the classic solution.
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and sixth columns of Table 3 in Jammes et al.’s paper (Jammes
et al., 2009). This suggests that the approach used in this work gave
the same results as those given by the complex variables boundary
element method.
The numerical calculation in this subsection is concerned with a
cylindrical cavity in an aluminum matrix with two surface proper-
ties given in previous subsection (denoted by the surfaces C and D)
when a uniaxial tension of r0yy is applied at inﬁnity. The edge of the
elastic half-plane is assumed to be traction-free. Similarly, the term
‘‘classic solution” stands for the classical results for ks ¼ ls ¼ 0. The
variation of the dimensionless hoop stress of rð2Þhh =r0yy at the point P
is shown in Fig. 6 for the values of d=a ¼ 1:5;2:5 and 10, and three
surface conditions of C, D and classic. Clearly, the surface effect is
the most prominent when the cavity of small radius ða 6 5 nmÞ
is located very close to the edge of the half-plane. The surface effect
gradually becomes less important with increasing the distance be-
tween the cavity and the surface. This behavior is less conspicuous
for the surface D because of small absolute value of s1.
Fig. 7 shows the variation of the dimensionless displacement of
U ¼ 2lð2Þuð2Þx =r0yya along the edge of the half-plane ð0 6 y=a 6 4Þ
for a ¼ 2;10 nm and d=a ¼ 3, when the elastic half-plane is sub-
jected to a far-ﬁeld uniaxial tension. The surface interaction has
the largest effect on the surface deformation at y ¼ 0, i.e, the near-
est point to the cavity, and such an interaction decreases with the
increase of the distance to the x-axis. Since the differential strain
on the edge of the half-plane can be experimentally measured (Fel-
ten et al., 2004), the discernible change in the vertical displace-
ment due to the surface/interface stress lead us to believe that
measuring the displacement on the edge of the half-plane can pro-
vide an approach to determine the properties of surface (or inter-
face) of the material when a nanosized cavity (or inclusion) is
intentionally formed in vicinity of the edge.
6. Conclusion
Using the theory of the surface elasticity and the Papkovich–
Neuber displacement potentials, the effect of the surface/inter-
face stresses has been analyzed on the stress ﬁeld in an elastic
half-plane containing a cylindrical inclusion. The results show
that the stress ﬁeld near the inclusion depends strongly on the
interface stresses and the size of the inclusion or cavity, when
a far-ﬁeld uniaxial loading is applied. The positive (negative)
sign of the surface/interface parameters has a strengthening
(suppressing) effect on the stress concentration near the inclu-
sion or cavity of nanosize when a positive eigenstrain is pre-
scribed or a uniaxial tension is applied. Because of the
observable change of the displacement components on the free
edge of the half-plane, the measurement of these displacement
components likely provides a feasible method for experimentally
characterizing the surface/interface parameters, for example
when a nanocavity is deliberately formed underneath the free
surface and a far-ﬁeld tension is applied.
Two most technologically important applications of the present
work lie in the area of quantum wires and nanocomposites. In fact,
the numerical results show that the calculations typically based
upon the theory of linear elasticity and the size-independent anal-
yses produce relatively inaccurate outcome for the structures with
embedded quantum wires and nanoinclusions.Acknowledgement
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The constants of cð2Þi and d
ð2Þ
i ði ¼ 1;2; . . . ;6Þ are
cð2Þ1 ¼ nðnþ 1Þð1þ s1 þ ns3Þ=anþ2;
cð2Þ2 ¼ 0:5 ðn 1Þ½ðnþ 2Þ þ s1ðn jð2Þ þ 1Þ þ ns3 nðnþ jð2Þ  1Þ
	

þðn jð2Þ  1Þ=an
cð2Þ3 ¼ 0:5ðnþ 1Þðnþ jð2Þ þ 1Þð1þ s1 þ ns3Þ=anþ2;
cð2Þ4 ¼ nðn 1Þð1þ s1  ns3Þan2
cð2Þ5 ¼ 0:5ðn 1Þðn jð2Þ  1Þð1þ s1  ns3Þan2;
cð2Þ6 ¼ 0:5 ðnþ 1Þ ðn 2Þ þ s1ðnþ jð2Þ  1Þ
	 þ ns3 ðnþ jð2Þ þ 1Þ	

þnðn jð2Þ þ 1Þan
dð2Þ1 ¼ nðnþ 1Þð1þ ns1 þ s3Þ=anþ2;
dð2Þ2 ¼ 0:5 nðn 1Þ½1þ s1ðn jð2Þ þ 1Þ þ s3 nðnþ jð2Þ  1Þ
	

þðn jð2Þ  1Þ=an
dð2Þ3 ¼ 0:5ðnþ 1Þðnþ 1þ jð2ÞÞð1þ ns1 þ s3Þ=anþ2;
dð2Þ4 ¼ nðn 1Þðns1  s3  1Þan2
dð2Þ5 ¼ 0:5ðn 1Þðn jð2Þ  1Þðns1  s3  1Þan2;
dð2Þ6 ¼ 0:5 ðnþ 1Þn ðnþ jð2Þ  1Þs1  1 þ s3½ðnþ jð2Þ þ 1Þ
	

nðn jð2Þ þ 1Þan
The constants of eð2Þi and f
ð2Þ
i ði ¼ 1;2; . . . ;6Þ are
eð2Þ1 ¼ n=anþ1; eð2Þ2 ¼ 0:5ðnþ jð2Þ  1Þ=an1;
eð2Þ3 ¼ 0:5ðnþ jð2Þ þ 1Þ=anþ1;
eð2Þ4 ¼ nan1; eð2Þ5 ¼ 0:5ðn jð2Þ  1Þan1;
eð2Þ6 ¼ 0:5ðn jð2Þ þ 1Þanþ1;
f ð2Þ1 ¼ n=anþ1; f ð2Þ2 ¼ 0:5ðn jð2Þ  1Þ=an1;
f ð2Þ3 ¼ 0:5ðnþ jð2Þ þ 1Þ=anþ1;
f ð2Þ4 ¼ nan1; f ð2Þ5 ¼ 0:5ðn jð2Þ  1Þan1;
f ð2Þ6 ¼ 0:5ðnþ jð2Þ þ 1Þanþ1References
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